The first galaxies to appear in the universe at redshifts z ∼ > 20 created ionized bubbles in the intergalactic medium (IGM) of neutral hydrogen (H I ) left over from the Big-Bang. It is thought that the ionized bubbles grew with time, surrounded clusters of dwarf galaxies 1,2 and eventually overlapped quickly 
time, surrounded clusters of dwarf galaxies 1,2 and eventually overlapped quickly During the reionization epoch, the characteristic bubble size (defined here as the spherically averaged mean radius of the H II regions that contain most of the ionized volume 2 ) increased with time as smaller bubbles combined until their overlap completed and the diffuse IGM was reionized. However the largest size of isolated bubbles (fully surrounded by H I boundaries) that can be observed is finite, because of the combined phenomena of cosmic variance and causality. Figure 1 presents a schematic illustration of the geometry.
There is a surface on the sky corresponding to the time along different lines-of-sight when the diffuse (uncollapsed) IGM was most recently neutral. We refer to it as the Surface of Bubble Overlap (SBO). There are two competing sources for fluctuations in the SBO, each of which is dependent on the characteristic size, R SBO , of the ionized regions just before the final overlap. First, the finite speed of light implies that photons observed from different points along the curved boundary of an H II region must have been emitted at different times during the history of the universe. Second, bubbles on a co-moving scale R achieve reionization over a spread of redshifts due to cosmic variance in the initial conditions of the density field smoothed on that scale. The characteristic scale of H II bubbles grows with time, leading to a decline in the spread of their formation redshifts 1 as the cosmic variance is averaged over an increasing spatial volume. However the light-travel time across a bubble rises concurrently. Suppose a signal photon which encodes the presence of neutral gas (e.g. a 21cm line photon), is emitted from the far edge of the ionizing bubble. If the adjacent region along the line-of-sight has not become ionized by the time this photon reaches the near side of the bubble, then the photon will encounter diffuse neutral gas. Other photons emitted at this lower redshift will therefore also encode the presence of diffuse neutral gas, implying that the first photon was emitted prior to overlap, and not from the SBO. Hence the largest observable scale of H II regions when their overlap completes, corresponds to the first epoch at which the light crossing time becomes larger than the spread in formation times of ionized regions. Only then will the signal photon leaving the far side of the HII region have the lowest redshift of any signal photon along that line-of-sight.
The observed spectra of all quasars beyond z ∼ 6.1 each show a Gunn-Peterson trough 3,4 , a blank spectral region at wavelengths shorter than Lyα at the quasar redshift, indicating the presence of H I in the diffuse IGM. The detection of Gunn-Peterson troughs indicates a rapid change 5, 6, 7 in the neutral content of the IGM at z ∼ 6, and hence a rapid change in the intensity of the background ionizing flux. This rapid change implies that overlap, and hence the reionization epoch, concluded near z ∼ 6. The most promising observational probe 8, 9 of the reionization epoch is redshifted 21cm emission from intergalactic H I . Future observations using low frequency radio arrays (e.g. the Low
Frequency Array, LOFAR) will allow a direct determination of the topology and duration of the phase of bubble overlap. Here we determine the expected angular scale and redshift width of the 21cm fluctuations at the SBO theoretically, and show that our determination is consistent with current observational constraints.
We start by quantifying the constraints of causality and cosmic variance. First suppose we have an H II region with a physical radius R/(1 + z ). The light crossing time of this radius is
where at the high-
Here, c is the speed of light, H 0 is the present-day Hubble constant, Ω m is the present day matter density parameter, and z is the mean redshift of the SBO. Note that when discussing this crossing time, we are referring to photons used to probe the ionized bubble (e.g. at 21cm), rather than photons involved in the dynamics of the bubble evolution.
Second, overlap would have occurred at different times in different regions of the IGM due to the cosmic scatter in the process of structure formation within finite spatial volumes 1 . Reionization should be completed within a region of co-moving radius R when the fraction of mass incorporated into collapsed objects in this region attains a certain critical value, corresponding to a threshold number of ionizing photons emitted per baryon.
The ionization state of a region is governed by the enclosed ionizing luminosity, by its over-density, and by dense pockets of neutral gas that are self shielding to ionizing radiation.
There is an offset 1 δz between the redshift when a region of mean over-densityδ R achieves this critical collapsed fraction, and the redshiftz when the universe achieves the same collapsed fraction on average. This offset may be computed 1 from the expression for the collapsed fraction 10 F col within a region of over-densityδ R on a co-moving scale R,
where δ c (z) ∝ (1 +z) is the collapse threshold for an over-density at a redshiftz; σ R and σ R min are the variances in the power-spectrum linearly extrapolated to z = 0 on co-moving scales corresponding to the region of interest and to the minimum galaxy mass M min , respectively. The offset in the ionization redshift of a region depends on its linear over-density,δ R . As a result, the distribution of offsets, and therefore the scatter in the SBO may be obtained directly from the power spectrum of primordial inhomogeneities. As can be seen from equation (2), larger regions have a smaller scatter due to their smaller cosmic variance.
Note that equation (2) is independent of the critical value of the collapsed fraction required for reionization. Moreover, our numerical constraints are very weakly dependent on the minimum galaxy mass, which we choose to have a virial temperature of 10 4 K corresponding to the cooling threshold of primordial atomic gas. The growth of an H II bubble around a cluster of sources requires that the mean-free-path of ionizing photons be of order the bubble radius or larger. Since ionizing photons can be absorbed by dense pockets of neutral gas inside the H II region, the necessary increase in the mean-free-path with time implies that the critical collapsed fraction required to ionize a region of size R increases as well. This larger collapsed fraction affects the redshift at which the region becomes ionized, but not the scatter in redshifts from place to place which is the focus of this Letter. Our results are therefore independent of assumptions about unknown quantities such as the star formation efficiency and the escape fraction of ionizing photons from galaxies, as well as unknown processes of feedback in galaxies and clumping of the IGM. A scatter of ∼ 0.15 in the SBO is somewhat larger than the value extracted from existing numerical simulations 11, 12 . The difference is most likely due to the limited size of the simulated volumes; while the simulations appropriately describe the reionization process within limited regions of the universe, they are not sufficiently large to describe the global properties of the overlap phase 1 . The scales over which cosmological radiative transfer has been simulated are smaller than the characteristic extent of the SBO, which we find to be R SBO ∼ 70 co-moving Mpc.
We can constrain the scatter in the SBO redshift observationally using the spectra of the highest redshift quasars. Since only a trace amount of neutral hydrogen is needed to absorb Lyα photons, the time where the IGM becomes Lyα transparent need not coincide with bubble overlap. Following overlap the IGM was exposed to ionizing sources in all directions and the ionizing intensity rose rapidly. After some time the ionizing background flux was sufficiently high that the H I fraction fell to a level at which the IGM allowed transmission of resonant Lyα photons. This is shown schematically in Figure 1 In order for the ionizing photons produced by a cluster to advance the walls of the ionized bubble around it, the mean-free-path of these photons must be of order the bubble size or larger. After bubble overlap, the ionizing intensity at any point grows until the ionizing photons have time to travel across the scale of the new mean-free-path, which represents the horizon out to which ionizing sources are visible. Since the mean-free-path is larger than R SBO , the ionizing intensity at the SLT averages the cosmic scatter over a larger volume than at the SBO. This constraint implies that the cosmic variance in the SLT redshift must be smaller than the scatter in the SBO redshift. However, it is possible that opacity from small-scale structure contributes additional scatter to the SLT redshift.
If cosmic variance dominates the observed scatter in the SLT redshift, then based on the spectra of the three z > 6.1 quasars 4,7 we would expect the scatter in the SBO redshift to satisfy ∆z 2 1/2 obs ∼ > 0.05. In addition, analysis of the proximity effect for the size of the H II regions around the two highest redshift quasars 13,14 implies a neutral fraction that is of order unity (i.e. pre-overlap) at z ∼ 6.2 − 6.3, while the transmission of Lyα photons at z ∼ < 6 implies that overlap must have completed by that time. This restricts the scatter in the SBO to be ∆z size will be larger than required for its ionization. However, the scatter in equation (2) is not sensitive to the collapsed fraction, and so may be used for both the SBO and SLT. The scatter in the SLT is smaller than the cosmic scatter in the structure formation time on the scale of the mean-free-path for ionizing photons. This mean-free-path must be longer than R SBO ∼ 60Mpc, an inference which is supported by analysis of the Lyα forest at z ∼ 4
where the mean-free-path is estimated 15 to be ∼ 120 co-moving Mpc at the Lyman limit (and longer at higher frequencies). If it is dominated by cosmic variance, then the scatter in the SLT redshift provides a lower limit to the SBO scatter. The three known quasars at z > 6.1 have Lyα transmission redshifts of 7,4 z SLT = 5.9, 5.95 and 5.98, implying that the scatter in the SBO must be ∼ > 0.05 (this scatter may become better known from follow-up spectroscopy of Gamma Ray Burst afterglows at z > 6 that might be discovered by the SWIFT satellite 16, 17 ). The observed scatter in the SLT redshift is somewhat smaller than the predicted SBO scatter, confirming the expectation that cosmic variance is smaller at the SLT. The scatter in the SBO redshift must also be ∼ < 0.25 because the lines-of-sight to the two highest redshift quasars have a redshift of Lyα transparency at z ∼ 6, but a neutral fraction that is known from the proximity effect 13 to be substantial at z ∼ > 6.2 − 6. 
